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Abstract. We have applied the Schwinger action principle to general one-dimensional (1D), time-dependent
quadratic systems via linear quantum canonical transformations, which allowed us to simplify the problems
to be solved by this method. We show that while using a suitable linear canonical transformation, we can
considerably simplify the evaluation of the propagator of the studied system to that for a free particle. The
efficiency and exactness of this method is verified in the case of the simple harmonic oscillator. This tech-
nique enables us to evaluate easily and immediately the propagator in some particular cases such as the
damped harmonic oscillator, the harmonic oscillator with a time-dependent frequency, and the harmonic
oscillator with time-dependent mass and frequency, and in this way the propagator of the forced damped
harmonic oscillator is easily calculated without any approach.

PACS. 02.30.Xx; 03.65.-w; 03.65.Ca

1 Introduction

Feynman and Schwinger, independently of each other, for-
mulated an action principle in accordance with quantum
mechanics; the former is functional whereas the latter is
operatorial [1]. The path-integral method was extended to
various physical fields and turned out to be an efficient cal-
culation tool. Recent years have seen renewed interest in
evaluating propagators by means of the Schwinger action
principle [2, 3]. We mention the calculations by Urrutia
and Hernendez to evaluate the propagators of the time-
dependent forced harmonic oscillator and that of a charged
harmonic oscillator in a constant magnetic field [4, 5] and
using space-time transformation techniques by Nassar and
Machado [6, 7]. The major difficulty in this technique is the
solution of Heisenberg equations of motion, which are oper-
atorial equations. Consequently, each case and each system
deals with the application of a different method. This di-
versity of methods makes the Schwinger action principle
as a calculation tool more complicated. To overcome this
difficulty, we found that canonical transformations [8, 9]
are, in general, adequate to simplify complicated problems
and transform them into simple ones. We took these time-
dependent quadratic systems as examples for their simpli-
city and their physical interest. In general, time-dependent
oscillators have enormous applications in quantum physics
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such as in molecular physics, quantum chemistry, and
quantum optics. For example, small vibrations of systems
can be described using harmonic oscillators, and surround-
ing influences on these vibrations are included by consid-
ering time-dependent parameters in the Hamiltonian of a
harmonic oscillator, such as the mass and the frequency.
Although this oscillator model is taken as an approxi-
mate description of the vibration, it is a good approach for
studying more complicated systems. Furthermore, in some
cases, this becomes an exact model of system dynamics.
For example, the ion in a Paul trap is described accurately
by a harmonic oscillator with periodically time-dependent
frequency [10]. For these reasons, for a long time, several
attempts were made to solve exactly the Schrödinger equa-
tion using different methods. The invariant method pro-
posed by Lewis–Riesenfeld [11] was intensely studied for
these systems [12]. An appproach that uses the Noether
theorem has been analyzed [13] and some time-dependent
integrals of motion deduced [14].
Quantum canonical transformations that include both

point transformations and time evolution are, in general,
adequate applications for transforming the wave function
for a system of interest into a simpler equation whose so-
lution is known. The founding fathers of quantummechan-
ics defined quantum canonical transformations as trans-
formations of the phase space variables that preserve the
canonical commutation relations. Several of the familiar
tools used to solve problems in quantum mechanics and
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quantum field theory are quantum canonical transform-
ations, and only a few of them are unitary [15]. They
play three essential roles: in evolution, for solving a the-
ory, and in physical equivalence. They are used as prac-
tical tools for solving differential equations including Lie
algebra methods, intertwining operators, and raising and
lowering operators [16]. They have been used to solve the
Schrödinger equation for different time-independent sys-
tems. An exact solution of the Schrödinger equation is
possible for a limited number of potentials. If the sys-
tem is a time-dependent one, an exact solution is gener-
ally not obvious. However, in time-dependent problems,
quantum canonical transformations have not been used
often without a harmonic oscillator with time-dependent
frequency [17].
The present work is a successful attempt to investi-

gate the Schwinger action principle by means of quantum
canonical transformations to calculate exactly the propa-
gator of a general 1D time-dependent quadratic system.
Following a linear quantum canonical transformation, the
system turns out to be equivalent to a free particle mov-
ing in one dimension. In the case of Hamiltonians with
solely quadratic terms, wemust solve a second-order homo-
geneous differential equation. For quadratic systems with
additive x̂ and p̂ terms, we must solve a supplementary
first-order differential system of two equations. The exact-
ness of this result is checked by taking the particular case
of a simple harmonic oscillator. The general result is then
used to evaluate the propagator in some particular cases
such as the damped harmonic oscillator, the harmonic os-
cillator with time-dependent frequency, the harmonic os-
cillator with time-dependent mass and frequency, and the
forced damped harmonic oscillator.
Our method is compared with other studies in which

the propagatorwas calculated using a path-integralmethod
for the well-known forced harmonic oscillator [18] and in
the case of the Calidora–Kanai oscillator [19].
The remainder of this article is organized as follows.

In Sect. 2, we present a brief review of the Schwinger
action principle. In Sect. 3, some general definitions of
quantum canonical transformations are presented. Sec-
tion 4 is devoted to the general method of calculations,
and the general 1D time-dependent system is treated. In
Sect. 5, the time-dependent quadratic harmonic oscillator
is studied, and some particular cases are explicitly eval-
uated. In Sect. 6, we are concerned with the case of the
forced damped harmonic oscillator with some explicitly
particular cases. Some concluding remarks are given in the
last section.

2 Formalism of Schwinger action principle

The Schwinger action principle expresses the variation of
the propagator by means of the stationary variation of
a Hermitian operator called the action of the system as
follows:

δ 〈x′′, t′′ | x′, t′〉=
i

h̄

〈
x′′, t′′

∣∣∣δŴ | x′, t′
〉

(1)

where x′ and x′′ are, respectively, the initial and final coor-
dinates taken at the initial and final instants t′ and t′′ and
δŴ is the variation of the action operator defined by

Ŵ =

t2∫

t1

L̂ dt (2)

where L̂ is a Lagrangian operator of the physical system.
In quantum mechanics, the phase space variables (x, p) are
considered to be operators (x̂, p̂) that act on functions in
configuration space. However, they cannot be viewed as
coordinates on the phase space in the usual sense. Conse-
quently, the infinitesimal Hermitian operator δŴ is a func-
tion of these operators, and it takes the form

δŴ = p̂′′δx̂′′− p̂′δx̂′− Ĥ ′′δt′′+ Ĥ ′δt′ (3)

where Ĥ (p̂, x̂) is the Hamiltonian of the system. The eval-
uation of δŴ requires solving operatorial Heisenberg equa-
tions of motion. We make use of the commutation prop-
erties of x̂′′ and x̂′ to rearrange the operator δŴ so that
the coordinate x̂′′ stands to the left of x̂′. Then (1) can be
written as

δ 〈x′′, t′′ | x′, t′〉=
i

h̄
δw (x′′, x′, t′′, t′) 〈x̂′′, t′′ | x̂′, t′〉 (4)

where δw (x′′, x′, t′′, t′) is the variation of the well-ordered
action. The integration of (4) gives the propagator

〈x′′, t′′ | x′, t′〉= C exp

(
i

h̄
w (x′′, x′, t′′, t′)

)
(5)

which describes the probability amplitude for the transi-
tion of the physical system from position x′ at instant t′ to
position x′′ at instant t′′. The coefficient C here emerges
from the requirement that

lim 〈x′′, t′′ | x′, t′〉= δ (x′′−x′)
t′′ −→ t′

(6)

3 Quantum canonical transformations

Due to noncommutativity, the strength of canonical trans-
formations, which are a powerful tool of classical mechan-
ics, has not been fully realized in quantum mechanics. One
of the aims of developing classical canonical transform-
ations is to transform the Hamiltonian for particular sys-
tems into a simpler one whose equations of motion can
be solved. We will take advantage of this tool to eval-
uate propagators of quadratic systems by applying the
Schwinger action principle.
Similar to the canonical transformations of classical

Hamiltonian dynamics that preserve the Poisson brackets,
quantum canonical transformations are defined as those
transformations of the noncommuting phase space vari-
ables that preserve the Dirac brackets:

[x̂, p̂] = [Q̂, P̂ ] = ih̄ (7)
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Consequently, the new canonical variables
(
Q̂, P̂

)
are Her-

mitian operators, and the eigenvectors of Q̂ and P̂ form
a complete basis.
To make the quantum analogous to classical canonical

transformations, let us consider the unitary operator Û (t),
which transforms the eigenvector of x̂ into an eigenvector
of Q̂ as follows:

|x̂〉= Û
(
Q̂, P̂ , t

)∣∣∣Q̂
〉

(8)

The quantum generating function of the transformation is
then defined in terms of the matrix elements of this unitary
operator as

exp [iF1 (x
′, Q′′, t) /h̄]≡ 〈x′ |Q′′ 〉t = 〈x

′| Û
(
Q̂, t

)
|x′′〉

(9)

As in classical mechanics, other types of quantum generat-
ing functions are defined similarly as

exp [iF2 (x
′, P ′′, t)/h̄]≡ 〈x′ |P ′′ 〉t = 〈x

′| Û |p′′〉 (10)

exp [iF3 (p
′, Q′′, t) /h̄]≡ 〈p′ |Q′′ 〉t = 〈p

′| Û |x′′〉 (11)

exp [iF4 (p
′, P ′′, t)/h̄]≡ 〈p′ |P ′′ 〉t = 〈p

′| Û |p′′〉 (12)

Finally, the transformation relations between the old and
new variable representations are written, similarly to the
classical case, in terms of the well-ordered generating func-
tion —̂F1 as follows:

p̂=
∂—̂F1

(
x̂, Q̂, t

)

∂x̂
, P̂ =−

∂—̂F1
(
x̂, Q̂, t

)

∂Q̂
(13)

We obtain similar relations for the generating function —̂F2
that will be used in the next section:

p̂=
∂—̂F2

(
x̂, P̂ , t

)

∂x̂
, Q̂=

∂—̂F2
(
x̂, P̂ , t

)

∂P̂
(14)

Taking into account the symmetrization rule, the relation
between the two quantum generating functions is given as

—̂F 1
(
x̂, Q̂, t

)
=−
1

2

(
Q̂P̂ + P̂ Q̂

)
+—̂F 2

(
x̂, P̂ , t

)
(15)

The new transformed Hamiltonian that represents the
time evolution of the new coordinate representation is ex-
pressed in terms of the generating function as

ˆ̃H = Ĥ+
∂—̂F2
∂t

(16)

In this case, the variation of the action operator can be ex-
pressed in the new representation as

δŴ
(
P̂ , Q̂, t

)
= P̂ ′′δQ̂′′− ˆ̃H ′′δt′′− P̂ ′δQ̂′

(17)
+ ˆ̃H ′δt′+ δ

(
—̂F ′′1 −—̂F

′
1

)

Now we will express the propagator in terms of the new
coordinates. Equation (8) enables us to write

〈x′′, t′′ |x′, t′ 〉= 〈Q′′, τ ′′|

U
(
Q̂′′, t′′

)
U
(
Q̂′, t′

)
|Q′, τ ′〉

If we consider K
(
Q̂′′, Q̂′, t′′, t′

)
= U

(
Q̂′′, t′′

)
U
(
Q̂′, t′

)
,

then

〈x′′, t′′ |x′, t′ 〉=K (Q′′, Q′, τ ′′, τ ′)
(18)

〈Q′′, τ ′′ |Q′, τ ′ 〉

Hence, (1) becomes in the new space-time representation

δ 〈Q′′, τ ′′ |Q′, τ ′ 〉=
i

h̄

〈
Q′′, τ ′′

∣∣∣
δŴ

(
Q̂′′, Q̂′, τ ′′, τ ′

) ∣∣∣
(19)

Q′, τ ′
〉
−
〈
Q′′, τ ′′

∣∣∣
Q′, τ ′

〉
δ lnK

We rearrange the operator δŴ
(
Q̂′′, Q̂′, τ ′′, τ ′

)
so that q′′

is on the left and q′ on the right to obtain the well-ordered
variation of the action operator δw (Q′, Q′′, τ ′, τ ′′). Follow-
ing integration, the propagator takes the following form in
the new space-time system:

〈Q′′, τ ′′ | Q′, τ ′〉=AK−1 exp

(
i

h̄
w (Q′, Q′′, τ ′, τ ′′)

)
(20)

where A is determined from the normalization condi-
tion (6).

4 Propagator of general 1D time-dependent
quadratic system via quantum canonical
transformations

4.1 The Hamiltonian and the action operator
variation in the new space-time representation

In this section, we will evaluate the propagator of the gen-
eral 1D quadratic system by means of quantum canoni-
cal transformations, without passing by the resolution of
Heisenberg equations of motion and without solving com-
plicated differential operatorial equations. The Hamilto-
nian operator of the system is given by the expression

Ĥ = g1 (t) p̂
2+ g2 (t) x̂

2+ g3 (t) x̂p̂
(21)

+ g4 (t) p̂x̂+ g5 (t) p̂+ g6 (t) x̂+ g7 (t)

where gi (t) are time-dependent functions. Now consider
the following canonical transformation:

⎧⎪⎨
⎪⎩

x̂= (2mg1)
1/2
f1 (t) Q̂+f2 (t)

p̂=
P̂

(2mg1)
1/2
f1 (t)

+f3 (t)
(22)
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with fi (t) an arbitrary time-dependent function andm the
mass of the particle. Equations (13) and (14) enable us to
find the following generating functions:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

—̂F 2 =

(
x̂P̂ + P̂ x̂

)

2 (2mg1)
1/2
f1 (t)

+f3 (t) x̂−
f2 (t) P̂

(2mg1)
1/2
f1 (t)

= 12

(
Q̂P̂ + P̂ Q̂

)
+(2mg1)

1/2
f3 (t) f1 (t) Q̂

+f3 (t) f2 (t)

—̂F 1 = (2mg1)
1/2
f3 (t) f1 (t) Q̂+f3 (t) f2 (t)

(23)

Hence the Hamiltonian becomes, after using (16),

�̂

H
(
P̂ , Q̂, t

)
=
P̂ 2

2mf21
+2mg1g2f

2
1 Q̂
2

+
1

2

(
g3+ g4−

ḟ1

f1
−
ġ1

2g1

)(
P̂ Q̂+ Q̂P̂

)

+

(
2g1f3+ g3f2+ g4f2+ g5− ḟ2

)

(2mg1f21 )
1/2

P̂
(24)

+
(
2mg1f

2
1

)1/2

×
(
2g2f2+ g3f3+ g4f3+ g6+ ḟ3

)
Q̂

+ g1f
2
3 + g2f

2
2 + g3f2f3+ g4f2f3+ g5f3

+ g6f2+ g7+f2ḟ3+
ih̄

2
(g3− g4)

where ḟi =
∂fi

∂t
. Now to drop the Q̂ and P̂ terms, we will

nullify their coefficients, that is, we will solve the following
differential equation system:

{
ḟ2−f2 (g3+ g4)−2g1f3 = g5
ḟ3+2g2f2+f3 (g3+ g4) =−g6

(25)

whose solution depends on the functions gi (t). Conse-
quently, the Hamiltonian and the action operator variation
are written in the new coordinate representation as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�̂

H
(
P̂ , Q̂, t

)
=
P̂ 2

2mf21
+2mg1g2f

2
1 Q̂
2

+ 12

(
g3+ g4−

ḟ1

f1
−
ġ1

2g1

)

×
(
P̂ Q̂+ Q̂P̂

)
+Γ (t)

δŴ = P̂ ′′δQ̂′′−
�̂

H ′′δt′′− P̂ ′δQ̂′+
�̂

H ′δt′

+ δ
[
(2mg′′1 )

1/2
f ′′1 f

′′
3 Q̂

′′+f ′′2 f
′′
3

− (2mg′1)
1/2
f ′1f

′
3Q̂
′−f ′2f

′
3

]

(26)

and

Γ (t) =g1f
2
3 + g2f

2
2 +(g3+ g4) f2f3+ g5f3 (27)

+ g6f2+ g7+f2ḟ3+
ih̄

2
(g3− g4) .

We will now introduce the following canonical transform-
ation:

⎧⎪⎨
⎪⎩

Q̂= Q̂

ˆ̃
P = P̂ +mf21

(
g3+ g4−

ḟ1

f1
−
ġ1

2g1

)
Q̂

(28)

With regard to (14) and (15), the generating functions for
this transformation are thus
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

—
�̂

F 2 =
1
2

(
Q̂
ˆ̃
P + ˆ̃PQ̂

)
− 12mf

2
1

(
g3+ g4−

ḟ1

f1
−
ġ1

2g1

)
Q̂2

�̂

F 1 =−
1
2mf

2
1

(
g3+ g4−

ḟ1

f1
−
ġ1

2g1

)
Q̂2

(29)

Then we get from (16) the following Hamiltonian:

ˆ̃
H
(
ˆ̃
P, Q̂, t

)
=

ˆ̃
P

2mf21
+
m

2f21
Ω2 (t) Q̂2+Γ (t) (30)

where

Ω2 (t) =f31

(
f̈1+f1

(
g̈1

2g1
−
3ġ21
4g21
+4g2g1

(31)

− (g3+ g4)
2− (ġ3+ ġ4)+

ġ1

g1
(g3+ g4)

))

We will now make the following temporal transformation:

dτ

dt
=
1

f21
(32)

and we write the Hamiltonian as

�Ĥ
(
ˆ̃
P, Q̂, τ

)
= f21

ˆ̃
H
(
ˆ̃
P, Q̂, t

)
(33)

Finally, the Hamiltonian is written as

�Ĥ =
ˆ̃P 2

2m
+
1

2
mΩ2Q̂2+f21Γ (34)

and the variations of the action operator are expressed in
the new representation as

δŴ = ˆ̃P ′′δQ̂′′− ˆ�H′′δτ ′′− ˆ̃P ′δQ̂′+ ˆ�H ′δτ ′

+ δ

[
(2mg′′1 )

1/2
f ′′1 f

′′
3 Q̂

′′+f ′′2 f
′′
3 − (2mg

′
1)
1/2

×f ′1f
′
3Q̂
′−f ′2f

′
3 (35)

−
mf ′′1
2

(
f ′′1

(
(g′′3 + g

′′
4 )−

ġ′′1
2g′′1

)
− ḟ ′′1

)
Q̂′′2

+
mf ′1
2

(
f ′1

(
(g′3+ g

′
4)−

ġ′1
2g′1

)
− ḟ ′1

)
Q̂′2

]
.

Let us consider in (31) Ω (t) = 0, that is, we wish to
solve the following second-order homogeneous differential
equation:

f̈1+ ζ (t) f1 = 0 (36)
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where

ζ (t) =
g̈1

2g1
−
3ġ21
4g21
+4g2g1− (g3+ g4)

2− (ġ3+ ġ4)

(37)

+
ġ1

g1
(g3+ g4)

It is obvious that the solution of this equation depends on
the expressions of the coefficients gi (t), i.e., on the nature
of the studied system. We obtain the Hamiltonian of a free
particle with an additional time-dependent term:

�Ĥ = �Ĥ0+f
2
1Γ and �Ĥ0 =

ˆ̃
P 2

2m
(38)

However, we can write the variation of the action operator
as

δŴ = ˆ̃P ′′δQ̂′′− �Ĥ ′′0 δτ
′′− ˆ̃P ′′δQ̂′+ ˆ�H ′0δτ

′

+ δ

[
(2mg′′1 )

1/2
f ′′1 f

′′
3 Q̂

′′+f ′′2 f
′′
3

− (2mg′1)
1/2
f ′1f

′
3Q̂
′−f ′2f

′
3 (39)

−
mf ′′1
2

(
f ′′1

(
(g′′3 + g

′′
4 )−

ġ′′1
2g′′1

)
− ḟ ′′1

)
Q̂′′2

+
mf ′1
2

(
f ′1

(
(g′3+ g

′
4)−

ġ′1
2g′1

)
− ḟ ′1

)
Q̂′2−Λ

]

where Λ=
∫ τ ′′
τ ′
f21Γ dτ =

∫ t′′
t′
Γ dt and Γ verifies (27).

We recall now the Schwinger action principle, and (4),
(20), and (39) enable us to write the propagator of the sys-
tem immediately by means of the propagator of the free
particle as

〈Q′′, τ ′′ |Q′, τ ′ 〉 (40)

=AK−1 〈Q′′, τ ′′ |Q′, τ ′ 〉FP

× exp
i

h̄

[
(2mg′′1 )

1/2
f ′′1 f

′′
3 Q̂

′′+f ′′2 f
′′
3 − (2mg

′
1)
1/2
f ′1f

′
3Q̂
′

−f ′2f
′
3−
mf ′′1
2

(
f ′′1

(
(g′′3 + g

′′
4 )−

ġ′′1
2g′′1

)
− ḟ ′′1

)
Q̂′′2

+
mf ′1
2

(
f ′1

(
(g′3+ g

′
4)−

ġ′1
2g′1

)
− ḟ ′1

)
Q̂′2−Λ

]

Recognize that 〈Q′′, τ ′′ |Q′, τ ′ 〉FP is the well-known free-
particle propagator

〈Q′′, τ ′′ |Q′, τ ′ 〉FP =

(
2πih̄ (τ ′′− τ ′)

m

)−1/2

(41)

× exp

(
im

2h̄

(Q′′−Q′)2

(τ ′′− τ ′)

)

To determine coefficientK in propagator (40), the unitary
operator in (8) should be calculated, but we are not going
to take this step, as in our work there is no need to know
the unitary operator of the canonical transformation. Ex-
pression (18) enables us to drop coefficient K and to turn

the propagator to the former representation by using the
canonical transformation (22) and the temporal transform-
ation (32), which leads to

τ ′′− τ ′ =

t′′∫

t′

dt

f21
(42)

We find

〈x′′, t′′ |x′, t′ 〉=A

⎛
⎜⎝2π
m
ih̄

t′′∫

t′

dt

f21

⎞
⎟⎠
−1/2

× exp

⎛
⎜⎝ i
4h̄

((
x′′−f ′′2

)

g′′1
1/2f ′′1

−

(
x′−f ′2

)

g′1
1/2f ′1

)
2

/ t′′∫

t′

dt

f21

⎞
⎟⎠

× exp

(
i

h̄

(
f ′′3 x

′′−f ′3x
′−

(
x′′−f ′′2

)2
8g′′1

(43)

×

(
2
(
g′′3 + g

′′
4

)
−
ġ′′1
g′′1
−
2ḟ ′′1
f ′′1

)

+

(
x′−f ′2

)2
8g′1

(
2
(
g′3+ g

′
4

)
−
ġ′1
g′1
−
2ḟ ′1
f ′1

)
−Λ

))

After using the expression

lim (επ)
−1/2

exp

(
−
(x′′−x′)2

ε

)
= δ (x′′−x′)

ε−→ 0
(44)

and the properties of the function delta, the normalization
condition (6) enables us to calculate coefficient A. We ob-
tain, finally, the propagator of the system:

〈x′′, t′′ |x′, t′ 〉=

⎛
⎜⎝4πih̄g′11/2g′′1 1/2f ′′1 f ′1

t′′∫

t′

dt

f21

⎞
⎟⎠
−1/2

× exp

⎛
⎜⎝ i
4h̄

((
x′′−f ′′2

)

g′′1
1/2f ′′1

−

(
x′−f ′2

)

g′1
1/2f ′1

)2/ t′′∫

t′

dt

f21

⎞
⎟⎠

× exp

(
i

h̄

(
f ′′3 x

′′−f ′3x
′−

(
x′′−f ′′2

)2
8g′′1

(45)

×

(
2
(
g′′3 + g

′′
4

)
−
ġ′′1
g′′1
−
2ḟ ′′1
f ′′1

)
+

(
x′−f ′2

)2
8g′1

×

(
2
(
g′3+ g

′
4

)
−
ġ′1
g′1
−
2ḟ ′1
f ′1

)
−Λ

))

where Λ=
∫ t′′
t′
Γ dt, Γ satisfies (27) and the functions fi(t)

are the solutions of differential equations (36) and (25).
Equation (45) represents the exact propagator of the gen-
eral 1D time-dependent system determined by the gener-
alized Hamiltonian written in (21). This result constitutes
the main result of this paper, and it includes the follow-
ing systems: free particle, quasifree particle, harmonic os-
cillator, damped harmonic oscillator, harmonic oscillator
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with a time-dependent frequency, harmonic oscillator with
a time-dependent mass and frequency, forced harmonic os-
cillator, forced damped harmonic oscillator, etc..

5 Time-dependent quadratic harmonic
oscillator

In the case of the general 1D time-dependent quadratic sys-
tem interpreted above, the role of the functions f2(t) and
f3(t) in the canonical transformation (22) was to drop the
additional x̂ and p̂ terms. If we consider the case of the
1D time-dependent quadratic system with the following
Hamiltonian:

Ĥ = g1(t)p̂
2+ g2(t)x̂

2+ g3(t)x̂p̂+ g4(t)p̂x̂ (46)

that is to say, in Hamiltonian (21) we take

g5(t) = g6(t) = g7(t) = 0 (47)

in this case, we will perform the following canonical trans-
formation:

⎧⎪⎪⎨
⎪⎪⎩

x̂= (2mg1)
1/2
f1(t)Q̂

p̂=
P̂

(2mg1)
1/2
f1(t)

(48)

and consider

f2(t) = f3(t) = 0 (49)

Not to repeat the same steps as in the previous section,
we are going to use immediately the result obtained in (45)
after making the substitutions in (47) and (49). The prop-
agator of the 1D quadratic system is then expressed as

〈x′′, t′′ |x′, t′ 〉=

⎛
⎜⎝4πih̄g′11/2g′′1 1/2f ′′1 f ′1

t′′∫

t′

dt

f21

⎞
⎟⎠
−1/2

× exp

⎛
⎜⎝ i
4h̄

(
x′′

g′′1
1/2
f ′′1
−

x′

g′1
1/2
f ′1

)2/ t′′∫

t′

dt

f21

⎞
⎟⎠

(50)

× exp

(
i

h̄

(
−
x′′
2

8g′′1

(
2
(
g′′3 + g

′′
4

)
−
ġ′′1
g′′1
−
2ḟ ′′1
f ′′1

)

+
x′
2

8g′1

(
2
(
g′3+ g

′
4

)
−
ġ′1
g′1
−
2ḟ ′1
f ′1

)
−

t′′∫

t′

ih̄
(
g3− g4

)
2

dt

⎞
⎟⎠

⎞
⎟⎠

where f1(t) is the solution of differential equation (36).
Before starting the applications of this formalism, it is

significant to notice that the solution of the propagator
(45) and (50) is dependent on the solvability of differential
equations (25) and (36), which are linear. In consequence,
their general solutions are a combination of independent

solutions but depend on the arbitrary constants of integra-
tion. It is remarkable that the propagator, which represents
a kernel of the physical system, will be independent of the
arbitrary choice of these constants. In such a case, we have
an invariance property relative to this choice of constants,
and we call this property the “gauge invariance”. In the
following applications this invariance is demonstrated and
easy to verify.

5.1 Applications

5.1.1 The simple harmonic oscillator

We can verify the efficiency of the Schwinger principle via
canonical transformations in a simple application: the case
of a simple harmonic oscillator with constant frequency ω
whose propagator is already known. The Hamiltonian op-
erator of the system takes the form

Ĥ =
p̂2

2m
+
1

2
mω2x̂2 (51)

However, the gi(t) functions take the following values:

g1(t) =
1

2m
, g2(t) =

1

2
mω2, g3(t) = g4(t) = 0 (52)

Now we must pick a suitable time-dependent function to
use it in a canonical transformation. Let us return to differ-
ential equation (36), which turns in our case into a second-
order homogeneous differential equation with a constant
coefficient:

f̈1+ω
2f1 = 0 (53)

The solution of this equation is f1 = C1 cosωt+C2 sinωt.
We substitute it into (50) and obtain the propagator of
a simple harmonic oscillator taking its known form:

〈x′′, t′′ |x′, t′ 〉=

[
2πih̄ sinω(t′′− t′)

mω

]−1/2
(54)

× exp

[
imω

2h̄
cot

[
ω(t′′− t′)

](
x′′
2
+x′

2
−

2x′′x′

cosω(t′′− t′)

)]

As expected, this last expression is independent of the
choice of the constants.

5.1.2 Harmonic oscillator with a time-dependent frequency

In this section, we will evaluate the propagator of a har-
monic oscillator with a time-dependent frequency by
means of quantum canonical transformations. The Hamil-
tonian operator of the system is given by the expression

Ĥ =
p̂2

2m
+
1

2
mω2(t)x̂2 (55)

where ω(t) is a time-dependent frequency. In this case, the
gi(t) functions are written as

g1(t) =
1

2m
, g2(t) =

1

2
mω2(t), g3(t) = g4(t) = 0 (56)
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When we substitute these functions into differential equa-
tion (36), we obtain

f̈1+ω
2(t)f1 = 0 (57)

The solution of this equation depends on the expression
of the frequency ω(t). In this case, the propagator of the
harmonic oscillator with a time-dependent frequency is ex-
pressed as

〈x′′, t′′ |x′, t′ 〉=

⎛
⎜⎝2πih̄
m
f ′′1 f

′
1

t′′∫

t′

dt

f21

⎞
⎟⎠
−1/2

(58)

× exp

⎛
⎜⎝ im
2h̄

(
x′′

f ′′1
−
x′

f ′1

)2/ t′′∫

t′

dt

f21
+
ḟ ′′1
f ′′1
x′′
2
−
ḟ ′1
f ′1
x′
2

⎞
⎟⎠

When we consider in (31) Ω(t) = f31
(
f̈1+ω

2(t)f1
)
= ω0,

where ω0 is a constant, that is, when we transform the
system not into a free-particle but a simple harmonic oscil-
lator, we obtain

〈x′′, t′′ |x′, t′ 〉=

⎡
⎢⎢⎢⎢⎣

2πih̄f ′′1 f
′
1 sin

(
t′′∫
t′

ω0dt

f21

)

mω0

⎤
⎥⎥⎥⎥⎦

−1/2

× exp

[
imω0

2h̄
cot

(
t′′∫
t′

ω0dt

f21

)

(59)

×

⎛
⎜⎜⎜⎝
x′′
2

f ′′1
2 +
x′
2

f ′1
2 −

2x′′x′

f ′′1 f
′
1 cos

(
t′′∫
t′

ω0dt

f21

)

⎞
⎟⎟⎟⎠

⎤
⎥⎥⎥⎦

× exp
im

2h̄

(
ḟ ′′1
f ′′1
x′′
2
−
ḟ ′1
f ′1
x′
2
)

which is exactly the same result obtained in [9] by means of
a path-integral method in the case of a harmonic oscillator
with a time-dependent frequency.

5.1.3 Harmonic oscillator with time-dependent mass
and frequency

We will consider the following Hamiltonian of a harmonic
oscillator with time-dependent mass and frequency:

Ĥ =
p̂2

2mh1(t)
+
1

2
mω2h2(t)x̂

2 (60)

where hi(t) are functions depending on time and m and ω
are constants. For this system, the gi(t) functions take the
forms

g1(t) =
1

2mh1(t)
, g2(t) =

1

2
mω2h2(t), g3(t) = g4(t) = 0

(61)

However, differential equation (36) takes the form

f̈1+

(
−
ḧ1(t)

2h1(t)
+
ḣ21(t)

4h21(t)
+ω2

h2(t)

h1(t)

)
f1 = 0 (62)

which is more complicated than the previous ones. We re-
call the general form (50) to write, finally, the propagator
of the harmonic oscillator with time-dependent mass and
frequency as

〈x′′, t′′ |x′, t′ 〉=

⎛
⎜⎝2πih̄
m
f ′1f

′′
1 h
′
1
−1/2
h′′1
−1/2

t′′∫

t′

dt

f21

⎞
⎟⎠
−1/2

× exp

⎛
⎜⎝ i
4h̄

⎛
⎜⎝
(
h′′1
−1/2
x′′

f ′′1 g(t
′′)1/2

−
h′1
−1/2
x′

f ′1g(t
′)1/2

)2/ t′′∫

t′

dt

f21 (t)

+

(
ḟ ′′1
f ′′1
−
h′′1
2h′′1

)
h′′1x

′′2−

(
ḟ ′1
f ′1
−
ḣ′1
2h′1

)
h′1x

′2

⎞
⎟⎠

⎞
⎟⎠ (63)

5.1.4 Damped harmonic oscillator

The Hamiltonian of a damped harmonic oscillator is given
by the following expression:

Ĥ =
p̂2

2m exp2ξ(t)
+
1

2
mω2 exp 2ξ(t)x̂2 (64)

We can use immediately the result (63) related to the
harmonic oscillator with a time-dependent mass and fre-
quency to obtain the propagator of a damped harmonic by
making the following substitutions:

h1(t) = h2(t) = exp2ξ(t) (65)

The propagator is then expressed as

〈x′′, t′′ |x′, t′ 〉=

⎛
⎜⎝ 2πih̄f ′f ′′

m exp
(
ξ(t′′)+ ξ(t′)

)
t′′∫

t′

dt

f2(t)

⎞
⎟⎠
−1/2

× exp

⎛
⎜⎝ im
2h̄

⎛
⎜⎝
(
x′′ exp

(
ξ(t′′)

)
f ′′

−
x′ exp

(
ξ(t′)

)
f ′

)2/ t′′∫

t′

dt

f2(t)

+

(
ḟ ′′

f ′′
− ξ̇(t′′)

)
x′′
2
exp

(
2ξ(t′′)

)

−

(
ḟ ′

f ′
− ξ̇(t′)

)
x′
2
exp

(
2ξ(t′)

)
⎞
⎟⎠

⎞
⎟⎠ (66)

so that the function f is the solution of the following differ-
ential equation:

f̈ +

(
− ξ̈(t)− ξ̇2(t)+ω2

)
f = 0 (67)
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It is clear here also that the results (58), (59), (63), and
(66) are “gauge invariant”, i.e., independent of the choice
of the constants.

5.1.5 Calidora–Kanai oscillator

The Calidora–Kanai [15] is a particular case of the damped
harmonic oscillator. Its Hamiltonian is expressed as

Ĥ =
p̂2

2m exp(2αt)
+
1

2
m exp(2αt)ω2x̂2 (68)

However, we will consider the function ξ(t) in (66) to be
a linear one, such as ξ(t) = αt. Thus, differential equa-
tion (67) turns into

f̈ +
(
ω2−α2

)
f = 0 (69)

The solution is then

f = C1 cos
(√
ω2−α2t

)
+C2 sin

(√
ω2−α2t

)
(70)

We substitute it into (66) and obtain the propagator of
a Calidora–Kanai oscillator:

〈x′′, t′′ |x′, t′ 〉=

⎛
⎝2πih̄ sin

(√
ω2−α2(t′′− t′)

)

m exp(α(t′′+ t′))
√
ω2−α2

⎞
⎠
−1/2

× exp

(
im

2h̄

(√
ω2−α2 cot

[√
ω2−α2(t′′− t′)

]

×

(
x′′
2
exp(2αt′′)+x′

2
exp(2αt′) (71)

−
2x′′x′ exp

(
α(t′′+ t′)

)

cos
[√
ω2−α2(t′′− t′)

]
)

−α
(
exp(2αt′′)x′′

2
− exp(2αt′)x′

2)))

This expression agrees perfectly with the result obtained in
[19] by using path integrals. Here also, it is verified that the
result (71) is “gauge invariant”.

6 Forced damped harmonic oscillator

In this section, we will apply the linear canonical trans-
formation to the Hamiltonian of a damped harmonic oscil-
lator, forced by an arbitrary function h(t):

Ĥ =
p̂2

2m(t)
+
1

2
m(t)ω2x̂2− exp(2ξ(t))h(t)x̂ (72)

where

m(t) =m0 exp(2ξ(t)) (73)

and ξ(t) is a time-dependent function. The gi(t) functions
in the generalized Hamiltonian (21) then take the forms

g1(t) =
1

2m0 exp(2ξ(t))
,

g2(t) =
1

2
m0ω

2 exp(2ξ(t)),
(74)

g6(t) =− exp(2ξ(t))h(t),

g3(t) = g4(t) = g5(t) = g7(t) = 0

The suitable choice of the functions fi(t), solutions of dif-
ferential equations (36) and (25), will enable us to deter-
mine the appropriate canonical transformation in order to
calculate exactly the propagator of the forced damped har-
monic oscillator. In this case system (25) and equations
turn out to be

⎧⎪⎪⎨
⎪⎪⎩

f̈1+
(
− ξ̈(t)− ξ̇2(t)+ω2

)
f1 = 0

f̈2+2ξ̇(t)ḟ2+ω
2f2 =

h(t)

m0
f3 =m0 exp(2ξ(t))ḟ2

(75)

The solution of these differential equations depends on the
functions h(t) and ξ(t). However, the propagator of the
forced damped harmonic oscillator is expressed as

〈x′′, t′′ |x′, t′ 〉=

⎛
⎜⎝ 2πih̄f ′1f

′′
1

m0 exp
(
ξ′′+ ξ′

)
t′′∫

t′

dt

f21 (t)

⎞
⎟⎠
−1/2

(76)

× exp

⎛
⎜⎝im0
2h̄

⎛
⎜⎝
(
(x′′−f ′′2 )

f ′′1 exp
(
− ξ′′

) −
(
x′−f ′2

)

f ′1 exp
(
− ξ′

)
)2/ t′′∫

t′

dt

f21 (t)

×
2

m0

(
f ′′3 x

′′−f ′3x
′
)
+

(
ḟ ′′1
f ′′1
− ξ̇(t′′)

)(
x′′−f ′′2

)2

× exp2ξ′′−

(
ḟ ′1
f ′1
− ξ̇(t′)

)(
x′−f ′2

)2
exp 2ξ′−

2

m0
Λ

⎞
⎟⎠

⎞
⎟⎠

where

Λ=

t′′∫

t′

(
f23

2m0 exp(2ξ(t))
+
1

2
m0ω

2

(77)

× exp(2ξ(t))f22 −h exp(2ξ(t))f2+f2ḟ3

)
dt

The same remark about the “gauge invariance” is also valid
here.

6.1 Particular cases

As a particular case, and to verify the result above, we will
consider the following simple cases.



M. Boudjema-Bouloudenine et al.: Schwinger action principle via linear quantum canonical transformations 815

6.1.1 A particle in a constant external field F

The Hamiltonian of the particle takes the form

Ĥ =
p̂2

2m
−Fx̂ (78)

wherem is a constant and ξ(t) and ω in (72) are null. Con-
sequently, differential equations (75) become

⎧⎪⎪⎨
⎪⎪⎩

f̈1 = 0

f̈2 =
F

m
f3 =mḟ2

(79)

Hence, the solutions fi(t) take the forms
⎧⎪⎪⎨
⎪⎪⎩

f1 = A1t+A2

f2 =
Ft2

2m
+B1t+B2

f3 = Ft+mB1

(80)

which permits us to obtain the propagator in the case of
a particle in a constant external field as

〈x′′, t′′ |x′, t′ 〉0 =

(
2πih̄(t′′− t′)

m

)−1/2

× exp

(
i

h̄

(
m(x′′−x′)2

2(t′′− t′)
+
1

2
F (t′′− t′)(x′′+x′) (81)

−
F 2(t′′− t′)3

24m

))

The same result was obtained using a path-integralmethod
[20]. Notice that the result (81) is “gauge invariant”, i.e.,
independent of the choice of the constants.

6.1.2 A simple harmonic oscillator driven by an external
force

If we consider the function ξ(t) in (72) to be null, we obtain
the Hamiltonian of a simple harmonic oscillator driven by
an external force as

Ĥ =
p̂2

2m
+
1

2
mω2x̂2−F (t)x̂ (82)

Hence, differential equations (75) are written as
⎧⎪⎪⎨
⎪⎪⎩

f̈1+ω
2f1 = 0

f̈2+ω
2f2 =

F (t)

m
f3 =mḟ2

(83)

However, the solutions fi(t) take the forms
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

f1 =A1 cosωt+A2 sinωt

f2 =
t∫
t′

F (s)

mω
sinω(t− s)ds+B1 cosωt+B2 sinωt

f3 =
t∫
t′
F (s) cosω(t− s)ds−mωB1 sinωt+mωB2 cosωt

(84)

The replacement of these functions in (76) enables us
to obtain the propagator in the case of a simple harmonic
oscillator driven by an external arbitrary force as

〈x′′, t′′ |x′, t′ 〉=

(
mω

2πih̄ sinωT

)1/2
(85)

× exp

(
imω

2h̄ sinωT

(
cosωT (x′′

2
+x′

2
)−2x′′x′

+
2x′′

mω

t′′∫

t′

F (t) sinω(t− t′)dt+
2x′

mω

t′′∫

t′

F (t) sinω(t′′− t)dt

−
2

m2ω2

t′′∫

t′

t∫

t′

F (t)F (s) sinω(t′′− t) sinω(s− t′)ds dt

⎞
⎟⎠

⎞
⎟⎠

where T = t′′− t′. The same result was obtained in [20]
using a path-integral method.
We suppose now the frequency to be null: ω = 0. The

Hamiltonian then has the form

Ĥ =
p̂2

2m
−F (t)x̂ (86)

Therefore, differential equations (75) become

⎧⎪⎪⎨
⎪⎪⎩

f̈1 = 0

f̈2 =
F (t)

m
f3 =mḟ2

(87)

The following solutions verify these equations:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

f1 =A1t+A2

f2 =
t∫
t′

F (s)

m
(t− s)ds+B1t+B2

f3 =
t∫
t′
F (s)ds+mB1

(88)

yielding to the propagator of a particle in an arbitrary ex-
ternal force:

〈x′′, t′′ |x′, t′ 〉=

(
m

2πih̄T

)1/2
exp

(
im

2h̄T

((
x′′−x′

)2

+
2x′′

m

t′′∫

t′

F (t)(t− t′)dt+
2x′

m

t′′∫

t′

F (t)(t′′− t)dt (89)

−
2

m2

t′′∫

t′

t∫

t′

F (t)F (s)(t′′− t)(s− t′)ds dt

⎞
⎟⎠

⎞
⎟⎠

It is easily checked that the propagator (85) tends to the
expression (89) of a particle in an arbitrary external force
for ω = 0.
The results (85) and (89) are effectively “gauge invari-

ant”.
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7 Conclusion

In this work, we applied the Schwinger action principle to
the case of general 1D time-dependent quadratic systems,
with x̂′ and p̂′ additional terms, via quantum canonical
transformations, without solving the operatorial Heisen-
berg equations of motion. To make the generalization, we
found that in resolving certain differential equations, one
obtains the temporal factors that must be used in lin-
ear canonical transformations, which makes it possible to
transform the problem into that of a free particle overlap-
ping all the particular cases of 1D quadratic systems. The
final formula of the propagator is explicitly dependent on
initial and final coordinates, and the time dependence is
determined by the solutions of the differential equations.
Our result was used to calculate the propagator for

the 1D quadratic system. In this step we have to solve
only one differential equation in order to choose the suit-
able canonical transformation for this case. To check the
efficiency of this method, the particular cases of a har-
monic oscillator with a constant frequency, the harmonic
oscillator with a time-dependent frequency, and the har-
monic oscillator with time-dependent mass and frequency
were then easily evaluated. To verify this result, we made
two applications—the damped harmonic oscillator and
the Calidora–Kanai oscillator—and found that the result
agreed perfectly with that found in the literature obtained
by means of path integrals. These calculations represent
a basic step toward a generalization of the Schwinger ac-
tion principle via quantum canonical transformations to
the case of multidimensional quadratic systems such as
coupled systems and to the interesting spinorial systems.
The problem is under consideration.
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